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Abstract. We study reflexivity and structure properties of operator 
algebras generated by representations of the discrete Heisenberg semi- 
group. We show that the left regular representation of this semi-group 
gives rise to a semi-simple reflexive algebra. We exhibit an example of 
a representation which gives rise to a non-reflexive algebra. En route, 
we establish reflexivity results for subspaces of H°°{T) ® B{'H). 



1. Introduction 

The theory of group representations has been a motivatmg force for Op- 
erator Algebra Theory since the very beginnings of the subject. If vr is a 
unitary representation of a group G, a much studied object is the weak-* 
closed algebra generated by {n^g) : g € G}. A special case of particular 
importance arises when vr is the left regular representation g ^ Lg acting 
on LP'{G)] the algebra obtained in this way is the von Neumann algebra 
VN(G) of the group G. 

These algebras are all selfadjoint. If 5" C G is a semigroup, one can 
consider instead the non-selfadjoint algebra generated by {'^{g) : g € S}, 
possibly restricted to a common invariant subspace. The algebra of analytic 
Toeplitz operators is an instance of this construction. Such algebras have 
recently attracted considerable attention in the literature. 

Let be the free semigroup on n generators. The "non-commutative 
Toeplitz algebra" is the weakly closed algebra generated by the operators 
Lg, g G F+, restricted to the invariant subspace It was introduced 

by Popescu in [19] and studied by him in a series of papers and by Arias- 
Popescu in [2]. Later, Davidson-Pitts O [9] and Davidson-Katsoulis-Pitts 
[7] , considered this algebra within the more general framework of Free Semi- 
group Algebras. On the other hand, non-selfadjoint algebras arising from 
representations of some Lie groups such as the Heisenberg group, the "ax-|-6 
group" and S'L2(M) were considered by Katavolos-Power [Hldl], by Levene 
[I6] and by Levene-Power H^. These authors studied questions including 
reflexivity and hyperreflexivity, determination of the invariant subspace lat- 
tice and semisimplicity. 

In this paper, we study operator algebras arising from representations 
of the discrete Heisenberg semigroup. Recall that the discrete Heisenberg 
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group H consists of all matrices of the form 



n 
m 
1 



k,m,n G 



Let IHI+ be the semigroup consisting of all matrices in EI with k,m ^ Z+. 
We are interested in the weak-* closed algebra 7l(IH["'") generated by the op- 
erators Lg, g £ IHI+, restricted to the invariant subspace ^^(IHI"''). In Section 
4, we show that Tl(^~^) contains no non-trivial quasinilpotent or compact 
elements; in particular, it is semisimple. We show that the commutant of 
71 (H"'") is the corresponding right regular representation and we identify 
the centre and the diagonal. In Section 5 we prove that 71(11^) is reflexive 
using a direct integral decomposition and the results of Section 3. 

In Section 6 we study a class of representations of which arise from 
representations of the irrational rotation algebra studied by Brenken |j4j. 
The latter, in the multiplicity free case, are parametrised by a cocycle and 
a measure. When the cocycle is trivial, we show that the weak-* closed 
algebras generated by the restriction to H"^ are unitarily equivalent to nest 
algebras or equal to B{'K). We also exhibit a representation (corresponding 
to a non-trivial cocycle) which generates a non-reflexive algebra even for the 
weak operator topology. 

In Sections 2 and 3 of the paper we develop a technique that allows us 
to handle the question of reflexivity of 7l(]HI+). We introduce and study 
a notion of reflexivity for spaces of operators acting on tensor products of 
Hilbert spaces, which we think is of independent interest. Using this no- 
tion, we generalise previous results of Kraus [15j and Ptak |20J, establishing 
reflexivity for a class of subspaces of T ^ B{7i) (where T is the algebra of 
analytic Toeplitz operators). 

Preliminaries and Notation The discrete Heisenberg group IHI is gener- 
ated by 
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The element w is central and uv = wvu. 

We write B{7i) for the algebra of all bounded linear operators on a Hilbert 
space Ti. If P G BCH) is an (orthogonal) projection, we set P-^ = I — P, 
where / is the identity operator. We denote by BiT-L)* the predual of B{'H), 
that is, the space of all weak-* continuous functionals on B{7i). If x,y £ T-L, 
we write uJx^y for the vector functional in B{H)>t given by uJx^y{A) = {Ax, y), 
A G B{'H). If £^ is a subset of a vector space, [£] will stand for the linear 
span of £. 

The preannahilator S± of a subspace S C B{'H) is 

S± = {uje B{n)^ : uj{A) = 0, for ah A G S}. 
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The reflexive hull of S [18] is 

Ref5 = {Ae B{n) : uj^,yiS) = {0} ^ u}^,y{A) = 0, for all x,yen} 

The subspace S is called reflexive if 5 = Ref S. 
If £ is a collection of projections on 7i, 

Alg £ = {Ae B{n) : AL = LAL} 

is the algebra of all operators leaving the ranges of the elements of C invari- 
ant. It is easy to see that a unital subalgebra A C B{'H) is reflexive if and 
only if ^ = Alg£ for some collection C of projections on %. 

Let Hi and T-L2 be Hilbert spaces and let T-ii (S) 'H2 be their Hilbert space 
tensor product. If Si C B{T-Li), i = 1, 2, we let Si ^2 be the weak-* closed 
subspace of B{'Hi®'H2) generated by the operators Ai ® A21 where Ai G Si, 
i = l,2. If ^ G eCHi), we write A(^52 for the space C>1(^52. If G 
i = 1,2, we let uji i02 £ B{'Hi (S" ^^2)* be the unique weak-* continuous 
functional satisfying (wi (8) a;2)(^i <8) A2) = uJi{Ai)Lj2iA2) , Ai £ B{'Hi), 
i = 1,2. 

Finally, we let be the Hardy space corresponding to p {p = 2, 00), that 
is, the space consisting by all functions in LP{T) whose Fourier coefficients 
indexed by negative integers vanish. For each f £ , we let S B{H^) 
be the analytic Toeplitz operator with symbol (p, that is, the operator given 
by T^f = ipf,f(£ H\ We let 

be the algebra of all analytic Toeplitz operators on H^. 

2. A REFLEXIVE HULL FOR SUBSPACES OF B{%i ® 'H2) 

In this section, we introduce a reflexive hull for spaces of operators that 
act on the tensor product of two given Hilbert spaces. The results will be 
applied in Section 3 to study reflexivity of subspaces of T(^B{1C) for a given 
Hilbert space /C. 

Suppose a Hilbert space % decomposes as a tensor product 'Hi07i2 of two 
Hilbert spaces, li u) £ B{'Hi)^ then the right slice map : B{Tii (8) "^2) — > 
B{7i2) is the unique weak-* continuous linear map with the property that 
R^{A (g)B) = uj{A)B, whenever A G BiHi) and B G ^(^2)- Similarly one 
defines the left slice maps, denoted by L^-, where r G B{'H2)*- We note that 
if a; = oj^^ri for some vectors (,,r] £ Tii then for all x,y £ 112, 

(1) {R^{T)x,y) = {T{i®x),r]®y), T£B{'Hi®n2). 

This equality shows that, when lo \s a vector functional or, more generally, a 
weakly continuous functional, then R^^ is also weakly (that is, WOT- WOT) 
continuous. 

If 5 is a weak-* closed subspace oiB{l-Li) and T £ S®B{T-L2)i then clearly 
Lu)iT) £ S for all oj £ ,6(^2)* • The converse was proved in [TS] : 
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Lemma 2.1 (Kraus). Let S he a weak-* closed subspace of B{'Hi) and 
T eB{n^0n2). IfL^iT) eS for all u: BiU^)* then T ^ S BiH^) ■ 

Consider the set of vector functionals 

£ = {uj^(X)x,r)®y ■■ C,r] eni,x,y e 'H2] Q B{'Hi 'H2)*- 

The set £ (as any subset of the dual of B{l-Li ® 'H2)-, see pO]) can be used 
to define a reflexive hull for subspaces of B{'Hi ® 1-12) ■ Namely, if 5 C 
B{ni®H2) let 

Ref e5 = {T G B{ni (g) ■H2) ■■ uj{S) = {0} ^ lo{T) = 0, V G 

It is clear that Refe(5) depends on the tensor product decomposition 
7i = Til iSi 'H2- The following statements are easy consequences of the defi- 
nition; we omit their proofs. 

Lemma 2.2. Let S C B{ni (g) ■H2). Then 

(i) Refers is a reflexive, hence weakly closed, subspace of operators; 

(ii) ReiS C Refe5; 

(Hi) Refe S = Refe Ref S = Refg Refg S. 

It follows from Lemma 12.21 that if a subspace S C B{l-ii® 7^2) satisfies 
RefgiS = S then S is reflexive. Remark 12.81 below shows that the converse 
does not hold. 

Lemma 2.3. Let lA C B{T-Li) and V C B{'H2) be subspaces. Then 

RefeiU^V) = ORefV) n {Ref U B {n2)) ■ 

Proof. Note that a vector functional 0J^®x,r]®y = ^^,r)®^x,y annihilates U^V 
if and only if either u^^^ annihilates lA or ojx^y annihilates V. For if there exists 
U & U with uj^^r}{U) 7^ 0, then for all F G V we have uj^^rj{U)uJx,yiV) = 0, 
and hence ujx,y{y) = 0. 

Now let T G Ref e(W (8) V). Suppose that w^^^ G U±. Then 0J^^x,r)®y 
annihilates lA ®V for all x, y G l-i2, and hence 

This shows that L^^y{T) G Ref^. Since x,y G are arbitrary, linearity 
and (norm) continuity of the map w — )• L^^ yields L^{T) G ReilA for all 
uj G (S(?^2))*- By Lemma [271} T G ReiU ® B{T-L2). Similarly, one obtains 
T G ^(T^J^RefV. 

Conversely, if T G {B{Hi) ® Ref V) n (RefZ^ ® ^(^2)), then for each 
(p = uj^^rj (Ci 1] £ Hi) we have R^{T) G Ref V. So if ujx^y is a vector functional 
annihilating V then it must annihilate R^{T), and hence 

HLu^jT)) = {<t)®Ux,y){T) = UxAMT)) = 0. 

Since (p = with ^, r/ arbitrary in Hi, this implies L^^ ^iT) = 0. Similarly, 
using the fact that all left slices of T must lie in Ref Z^, we see that 

uJi,r,eU± ^ R^^JT) = 0. 
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Therefore, if wg^^ ^ ujx^y annihilates lA ®V then either uj^^^i annihilates in 
which case R^jf. ^ (T) = 0, or u;x,y annihilates V, in which case Li^^^y (T) = 0. 
In either case, 

which shows that T G Ref e(^Y ® V). □ 

Remark 2.4. The intersection {B{%i) ®V)f^{U(S) B{%2)) coincides with 
the Fubini product F{U,V) defined by Tomiyama in [22] for von Neumann 
algebras and by Kraus in [15] for weak-* closed spaces of operators. 

Let £i and £2 be subspace lattices on the Hilbert spaces 'Hi,'H2 and 
Ci®C2 be the smallest subspace lattice generated by Pi®P2i where Pi G £j, 
i = 1,2. It follows from a result of Kraus [151 Eq. (3.3)] that the Fubini 
product F(Alg£i,Alg £2) equals Alg(>Ci(8)£2)- Combining this with Lemma 
12.31 we obtain 

Ref e(Alg Ci <^ Alg £2) = Alg(£i £2)- 

Corollary 2.5. (a) If A e B{Ui), then Refe(A«) V) = A«)RefV. 
(b) IfU C B{ni) then Reie{U ® Bin^)) = Ref ® Bin^)- 

Proof, (a) Clearly, we may assume that A ^ 0. If T G Refe(^ V), then by 
Lemma [M T G {B{ni) (E) RefV) n {Rei CA (S) B{n2)). But RefCA = CA 
since one dimensional subspaces are reflexive (see [5] 56.5], for example), so 
T = A^ B ior some B G B{n2). Thus A (S) B £ B{ni) ® Ref V, which 
implies that B G Ref V. 

(b) follows from Lemma [231 □ 

Lemma 2.6. LetS C B{'Hi'Si'H2) be a subspace of operators and to G ;B('Hi)* 
be a vector functional. Then i?^(Refe5) C Ref ii^j (5). 

Similarly, ifr G B{'H2)* is a vector functional then ^^-(Refe S) C Ref Lt-{S). 

Proof. Let co = Lo^^rji where ^,r/ G Hi. Fix T G Refe5 and suppose that 
x,y £ 7^2 are such that uJx,yiRu}i<S)) = {0}. It follows from ([1]) that 

(5) = {0}. 

Since T G Refg 5, we have that uj^^x,T)®y[T) = {0}. By ([1]) again, ujx,y{Ru){T)) 
= {0}. We showed that Ru}iT) G Ref Ru){S). The flrst claim is proved. The 
second claim follows similarly. □ 

Proposition 2.7. For a projection L G B{'Hi 'S)'H2), let L be the projection 
onto the subspace (g) x : L(^ (g> x) = 0}-^. Let P,Q £ B{%i (g) 7^2) 
projections. Then 

ReieQBiTii ■H2)P = QBiHi O ^2)^. 

/n particular, there exists a subspace S C B{'Hi (8)7^2) suc/i t/iai Refe5 is 
strictly bigger than Ref 5. 
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Proof. Fix projections P,Q G BiUi (g) 'H2) and let S = QB{-Hi (g) 'H2)P- It 
is clear that 

(2) S^n£ = {uj^^xmy ■P{i®x) = {) or Q(r/ (g) y) = 0}. 

Hence, T € Refg S if and only if (T(^ (g) x), 77 (g) y) = for all ^,r] £ Tii and 
all X, y G 7^2 such that either (g) x) = or (^(^ ® y) = 0. 

Suppose T G Refe 5. If C G ^1 and x G T-L2 are such that (g) x) = 
then for any 77 G Hi and y G 7^2 we have (r(^ (g) x), ry (g) y) = and so 
(g) x) = 0. But P-^CHi (g ?^2) = [^(gx : P(C(gx) = 0]. It follows that 
TP-*- = 0, or T = TP. By considering adjoints, we conclude that T = QT, 
and thus T = QTP. Conversely, if T is of this form then T G Refe 5 by the 
previous paragraph. 

For the last statement, it is enough to exhibit a projection P G B{'Hitg>'H2) 
such that P is strictly greater than P. It suffices to choose any P ^ I which 
annihilates no non-trivial elementary tensors. For example, take P = P^, 
where F is the projection onto {A(ei (g) /i + 62 (g) /2) : A G C} and where 
{ei, 62} C Hi (resp. {/i, /2} C 7^2) is linearly independent. Here P ^ I but 
P = I. □ 

Example 2.8. Xei Hi he infinite dimensional, V G B{l-i^) he an isometry 
and S C B{'H2) he a weak-* closed suhspace. Then 

(z) Ref(y (g5) = V®S. 

(a) If S is not reflexive, then 

Ref(y 5) C Refe(y (gcS). 

Proof. The equality Ref(y(g)5) = V^S is well-known when V is the identity 
(see [P, 59.7], for example), and the proof readily extends to the general case. 

Since Refe(F(g)5) = ^ (g)Ref 5 by Corollary 12. 5^ if S is not reflexive, then 
Ref (y (g) S) is strictly contained in Refe(T^ <g) S). □ 

3. Reflexive hulls and Fourier coefficients 

We recall that for each ip G H°^, we denote by the analytic Toeplitz 
operator on with symbol ip and by T the collection of all analytic Toeplitz 
operators on H^. Let Cn G -ff^ be the function given by Cn(-z) = z^, z £ T. 
We note that {Cn : n > 0} is an orthonormal basis of H^. Let S = T^^ G T 
be the unilateral shift. 

For the rest of this section, we fix a Hilbert space /C. We note that 
{T®B{1C))' = T®I. Indeed, if T G {T®B{1C))' then T G {Ig)B{lC))' and 
hence T = A®I iox some ^ G ^(iJ^). It now follows that ^ G T' = T |2T]. 
Thus, {T®B{1C))" = {T®I)'. Now, ifX G (T®/)' then X(ro/) = {T®I)X 
for all T £ T. Applying left slice maps we obtain L^{X)T = TLi^{X) for 
all normal functionals uj and all T £ T- Thus, Li^{X) £ T' = T for all 
normal functionals cj, which means by Lemma l2. II that X £ T ®) B{IC). We 



OPERATOR ALGEBRAS FROM THE DISCRETE HEISENBERG SEMIGROUP 7 



conclude that (T ® 0(/C))" = T (g) -B(/C) and in particular that T <8) 0(/C) is 
automatically weakly closed. 

If T € T (8) B{IC), let T„, where n > 0, be the operators determined by 
the identity 

T(Co x) = ^ Cn <8) fnX, X G /C. 
n>0 

Alternatively, r„ = R^^{T), where (U„ = W(o,Cn' > 0. 

We call X]n>o formal Fourier series of T. When /C is one 

dimensional, this is the usual Fourier series of an operator T £ T. By 
standard arguments, as in the scalar case, the Cesaro sums of this series 
converge to T in the weak-* topology. 

If S is a family (5„)„>o of subspaces of B{IC), we let 

A{S) = {T B{K) :fneSn, n> 0}. 

It is obvious that ^(S) is a linear space; it is a subalgebra of B{H^ ® K,) if 
and only if SnSm C Sn+m-, for all n, m > 0. 

Remark 3.1. IfSn is closed in the weak operator (resp. the weak-*) topology 
andS = {Sn)n>o then A{S) is closed in the weak operator (resp. the weak-*) 
topology. 

This follows from the fact that the slice maps Ruj„ are continuous both in 
the weak-weak and the weak-*-weak-* sense. 

Remark 3.2. If S B{JC) is a weak-* closed space and iS„ = iS for each 
n>0, then A{S) = T 5. 

Indeed, ii A £ S and A; > then obviously A G ^(S) and hence 
T (8> 5 C A{S) since the latter is weak-* closed. 

Conversely, suppose that T £ T ® B{IC) is such that G S for each 
n > 0. Then S"' ®Tn G T S and hence the Cesaro sums of the Fourier 
series of T are in T (8> 5. But T ^ 5 is weak-* closed, and so T G T (8) 5. 

If S = (5„)„>o we let Ref S '^=^ (Ref 5„)„>o. 

Theorem 3.3. If S = (5„)„>o is a sequence of subspaces of B{1C) then 
Refe^(S) = ^(Ref S). In particular, if Sn is reflexive for each n > then 
AiS) is reflexive. 

Proof. First observe that Refe(r ^(/C)) = (RefT) O B{}C) by Corohary 
[231 But r is reflexive HU and hence Refe(r <^ B{1C)) = T <^ B{1C). 

Let T G Refe^(S). As just observed, T eT<^B{K.). By LemmaEJl for 
each n > 0, writing a;„ = w^o,f„, we have 

R^^{T) G Ref i?^J^(S)) C Ref 5„ 

since R^^{A{^)) C Sn by the definition of A{E). In other words, T„ G Ref Sn 
for all n > 0, and so T G ^(Ref S). 
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Conversely, suppose that T G ^(Ref S), that is, T„ € Ref 5„ for each n > 
0. By CorollaryEa 5"0t„ € Refe(5" n > 0. Since C ^(S), 

we conclude that S"" (8) T„ E Refew4(S), n > 0. By Lemma 12.21 (i) and the 
fact that T is in the weak-* closed linear hull of {5" (8) r„ : n > 0} we have 
that T G Refe^(S). 

Suppose that 5„ is reflexive for each n > 0. By Lemma 12.21 (ii) and the 
first part of the proof, 

^(S) C Ref ^(S) C Ref e^(S) = ^(S) 

and hence A{S) is reflexive. □ 

As an immediate corollary of Theorem 13.31 we obtain the following result, 
proved for reflexive algebras by Kraus [15j and Ptak [20]. 

Corollary 3.4. Let S C B{1C) he a reflexive subspace. Then T ® S is 
reflexive. 

Remark 3.5. We note that Refe^(S) is in general strictly larger than 
Ref>4.(S). Indeed, let S C B{]C} be a non-reflexive weak-* closed subspace 
and S = {Sn)n>o be the family with Si = S and Sn = {0} if n ^ 1. Then 
A{S) = S iSi S is reflexive (Example 12.81 (i)). However, by Theorem 13.31 
Refe.4(S) = S Ref 5 which strictly contains A{S). 

The following corollary will be used in Theorem 15. 2[ 

Corollary 3.6. Let U,V e B{K) satisfy UV = XVU for some A G C. 
Suppose that V is invertible and that the weak-* closure Wo of the poly- 
nomials in U is reflexive. Then the weak-* closed unital operator algebra 
W C B{H^ (8) /C) generated by L <^U and S ®V is reflexive. 

Proof. The commutation relation UV = XVU implies that W is the weak-* 
closed linear hull of the set {S'^ <^ V^U^ : /c, m > 0}. 

Let S = (F"Wo)n>o- We claim that W = A{S). Suppose that T e 
T®B{1C) and that f„ e F"Wo, n > 0. Then 

5" ® f„ G 5" (g) y"Wo = (S" o Wo) c w. 

It follows by approximation (in the w*-topology) that T € W. Thus, Ai^) C 
W. 

To show that W C A{^), it suffices to prove that V^U"^ € ^(S), for 
each k,m > 0. So, fix such k and m and note that, if x, y G /C then 

(^R^^^^^JS''^V''Unx,y) = ((5^0F'C/'")(Co0x),Cn®2/) 

= {Ck®V''U"'xXn^y) = 6k,n{v''U"'x,y). 

Thus R^^^^^^^iS'' ® V^U"") = 5k,nV^U"' € VWo for ah n and hence S'' O 
ykjjm ^ J^(-g^ required. 
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Now observe that, since V is invertible and Wo is reflexive, each 5„ = 
y"Wo is reflexive. It therefore follows from Theorem 13.31 that W = ^(S) is 
reflexive. □ 

Remark 3.7. Part of Theorem \ 3.3\ and Corollary \3.4\ have been indepen- 
dently obtained by Kakariadis [T2] . 

4. The structure of 7l(IHI+) 

In this section we study the weak-* closed operator algebra 71(11"'") gen- 
erated by the image of the left regular representation of H"*" restricted to the 
invariant subspace n = f{M+). We identify n with f{Z)(E)f{Z+)(E)fiZ+), 
where the element of the canonical orthonormal basis of Ti corresponding 
to w^u^v^ S H"'" is identified with the elementary tensor w"^ (Si f™. 
Then 71(11"*") is generated by the operators Lu,Ly and on T-L which act 
as follows: 

L^(u'" ^u^(S) v"") =u;"+i O n'^ ® v"", (n, k,m) eZxZ+x Z+. 

By the commutation relations, 71(IHI+) coincides with the weak-* closed 
linear span of the set 

{L^L'^L'^ : {n,k,m) G Z x Z+ x Z+}. 

Throughout this section we will identify £^(Z) with L^(T) via Fourier 
transform in the first coordinate w. In this way, the identity function 
on T is identified with w and 71(11"'") is identified with an operator algebra 
acting on L2(T) (g) f{Z+ X Z+). Let C be the weak-* closed linear span of 
{L^j : n € Z}. This is an abelian von Neumann algebra; it consists of all 
operators {Lf : f £ L°°(T)} where 

L/(u'" (g) u'^ v") = (/u-") ® n'^ ® v'^. 

Thus C = A4 ® 1 ^ 1, where M C f?(L^(T)) is the multiplication masa of 
L°°(T). 

If (e^^ e**) G T X T (s, t G [0, 27r)), let Ws,t G be the unitary operator 

given by 

Ws^tiw"" (g)u^^ v"") = ® e'^'^u'' e**"u'", (n, k,m) eZxZ+x Z+. 
We define an action of the two-torus T x T on ;B('H) by 
Ps,tiA) = Ws,tAWlt, A G B{n). 

Observe that 

Ps,t{Lu) = e^^Lu, ps,t{Lv) = e**L^, Ps,t{Lw) = L^. 

Hence, ps^t leaves 71(11"'") invariant. Since ps^t is unitarily implemented, it 
also leaves Ref71(IHI+) invariant. 
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If ^ G 7l(IH[+) is a "trigonometric polynomial", namely a sum 

where U C Z+ x Z+ is finite and fk,m G -£'°°('ir) ((A;, m) G ^2), then it is easy 
to observe that 

i P^AA)e-'^'e-''^dtds = Lf^ ^^L^L^. 

We will need the following proposition, which is a version of well-known 
facts adapted to our setting. 

Proposition 4.1. For k,m & Z+, let Qk,m G B(7i) be the orthogonal pro- 
jection onto the suhspace (T) ® [u^] ® [u"*] spanned by the vectors of the 
form f®v!'®v'^,fe L2(T). If A e B{n) and p,qeZ, set 

^p,g(^) = ^ ] Qk+p,m+q-^Qk,mi 
k,m 

where the sum is taken over all k,m E Z+ such that k-\-p,m + q G Z_|_. The 
following statements hold: 

(1) <I>,,,(^) = ±^ j^^ j\^^,{A)e-^^Pe-^'^dtds. 

(2) // < r < 1 then the series 

converges absolutely in norm to an operator A^; moreover, \\Ar\\ < 
\\A\\ and w*-\imr/'i A,,. = A. 

(3) // $p,g(A) = for all p,qEZ then A = 0. 

(4) // A G Tl(H+) and B G Ref rL(H+) then $p,g(^), G Tl(H+) ancZ 
^p^q{B),Br G Ref71(H+), /or allp,q£ Z. 

Proo/. (1) Let X = Qkx,miX and y = Qk2,m2y- We have 

(^P,9(^)"^' y) ~ ^ Qk+p,m+q-^Qk,m'X 1 v) — ^k\+p,k2^mi+q,m2 , 

where the summation takes place over all k,m G Z+ with k+p,m + q G Z_|_. 
On the other hand, we have 

{ps,M)^^y) = {Ws,tAWltX,y) = e-^«*^i-**'«ie^^*=2+itm2 ^^^^^^ 
and hence 

Jo 

-1 /'27r /'27r 

(2) Let F be the operator valued function defined on T x T by F{s,t) = 
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Ps^ti^), and let F be its Fourier transform. By (1), F{p,q) = ^p^q{A). If 
Pr{s,t) denotes the two-dimensional Poisson kernel, then one readily sees 
that Ar = (F*Pr)(0,0). 

The claim therefore follows from the well-known properties of the Poisson 
kernel. 

(3) is an immediate consequence of (2). 

(4) It follows from (1) that ^p,g{A) £ Tl{M+) and $p,g(5) G Ref 71(H+), 
since ps^t leaves 71(11^) and Ref 71(11^) invariant. Now (2) implies that 
A G Tl'(]H+) and B,, G RefTL(H+). □ 

We isolate some consequences of Proposition 14.11 

Corollary 4.2. If A e Tl(H+) then 

(a) ^k,mi^) = unless k >0 and m >0. 

(b) For each k,m > 0, the operator L^^rn = {L'^)*{Lu)*^k,m{A) is in C. 
Hence there exists fk,m{A) ^ L'^(T) such that Lk^m = ^fkm(A)- have 
<^k,mi^) = Lf^JA)LlL^. 

Proof. Since TL(IHI"*") is the weak-* closed hull of its trigonometric polyno- 
mials and the map ^k,m is weak-* continuous, it suffices to assume that A 
is of the form A = Yl{k m)£Q ^fk m-^u^T^ where Q C Z+ x Z+ is finite. Now 
(a) is obvious. For (b), we have 

hence {L^)* {L^Y^kA^) = ^A-,™ which is in C. □ 
We can now identify the diagonal and the centre of 71 (m^)- 

Corollary 4.3. The diagonal and the centre o/7l(H+) both coincide with 
C. 

Proof. The maps ps,t are automorphisms of 71(11^) and hence leave its 
centre Z invariant. By Proposition 14.11 (1). \i A £ Z then ^^^A) G Z. By 
Corollary[i2](b), Lj^ ^^(^)L^L;7 G Z for each /c,m > 0. It is now immediate 
that if such an operator commutes with all L„ and then Lf^^(^ji^ = 
unless k = m = 0. Thus, A = Lj^ g(^) G C. 

It follows from Proposition STl] (1) that ^k,m{^)* = ^-k,-m{^*)- Hence 
by Corollary [32] (a), if A and A* are both in TlIm+), then ^>fc,m(^) = 
unless k = m = 0. Thus, each Ar is in C and hence so is A. 

We have shown that the centre and the diagonal are contained in C. The 
opposite inclusions are obvious. □ 

In some of the results that follow we adapt techniques used by Davidson 
and Pitts in [9] . Along with the left regular representation L of defined 
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above, we consider the restriction of its right regular representation ioT-L = 
I'^iW^). This is generated by the operators 

Ryjiw"" (^u''^ v"") =w"+^ ® u'^ ® v"", {n, k,m) eZxZ+x Z+. 

We denote by Tr(]HI+) the weak-* closed subalgebra of S(^^(]HI+)) generated 
by 

{Rl, Rt RT ■ (n, k,m) £ZxZ+x Z+}. 
It is trivial to verify that 71 (H^) and Tr(]HI^) commute. 

Lemma 4.4. Suppose that the operator A € B{'H) commutes with Tr(M~^) 
and that A(tt;° (g) u° (g) = 0. T/ien A = 0. 

Proof. For each (n, k, m) S Z x Z+ x we have 

u'' (g) u™) = AR^mR^kRu,"{w° u° u°) 

= R^mR^kRu,nA{w'^ (g) U° (g V") = 0. 

Hence, ^ = 0. □ 

The argument below is standard; for the case of the unilateral shift, see 
[U Prop. V.1.1]. We include a proof for the convenience of the reader. 

Proposition 4.5. If A ^ B{'H) commutes with i?„ or R^, then \\A\\ equals 
the essential norm \\A\\(, = m.i{\\A + K\\ : K compact}. In particular, the 
algebra 7l(IHI"'") does not contain nonzero compact operators. 

Proof. Assume that A commutes with R^ (the other case is similar). It is 
easy to see that {R^)n tends to weakly. Indeed if x, y are in % and we write 
^ = Em^m ®v'^,y = Y^rnVm ® v"^ where Xm,ym are in L'^{T) g) 
then 

y) = ^ {Xm, Vm+n) ^ 
m 

since (||xm||) and (||ym||) are square integrable. 

Suppose, by way of contradiction, that there is a compact operator K £ 
B{T-L) such that ||^ + K\\ < \\A\\. Then there is a unit vector x G H 
which satisfies \\Ax\\ > \\A + K\\. But \\{A + K)R'^x\\ < \\A + K\\ since 
i?" is an isometry. On the other hand, since Ry tends to weakly we have 
lim„ WKR'ixW = 0. Thus 

lim II + K)R'ix\\ = lim Pi?>|| = lim ||i?^^x|| = Px||, 

n n n 

a contradiction. □ 

Theorem 4.6. The algebra 71(]HI+) does not contain quasinilpotent opera- 
tors. In particular, 71 (m^) is semi-simple. 
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Proof. Let A G 71(11+) be nonzero and define fk,m = fk,m{A) E L°°(T) as 
in Corollary 14.21 Recall that for r G (0, 1) we have set 



k,m>0 



Jk,m U V 



Let 



E ={{k, m) : fk^m ^0}, p = inf{/c + m : (fc, m) G £;} 
/co = inf{A; : {k, m) £ E , k + m = p}, rriQ = p — k^. 

li g,h £ L-^(T) and n € Z+, we have 



mi 



(g) U 



nmo > 



7 

where the summation is over all 7 = {{ki,mi), {k2,m2), {kn,mn)) with 
{ki,mi) G E' and 0^ is a function of modulus 1 such that L^^L^^ . . . L^L^"- 

= L^^L^''^ L^"^\ For a term in the above sum to be nonzero, we must 
have Yl^i — ^^0 and X] = nniQ. Thus, since h + rui > p = ko + uiq for 
each i and Yli^i + ^-i) = '^(^o + "t-o) we obtain ki + rrii = ko + mo for all 
z = 1, . . . ,n. But ki > ko for all i, hence the condition ^ A:, = nkQ gives 
/cj = ko for all i and so rrii = niQ for all i. 

Hence there is only one nonzero term in the above sum and we obtain 

where 70 = ((/cq, mo), (fco, mo), . . . , (/co, mo)) (and the term {ko,mo) appears 
n times). Now since \\Ar\\ < ||^|| for each r and Ar ^ A in the weak-* 
topology. 



lim 



^70 



A"((7 O n° t;°), (/i O u"'^" ® t;""^")^ 

^"(5 u° t;°), (/i (g) u^'^o (g) f""«)^ 

I {Uko,moK9),h) 

is unimodular, 



linir"('=»+™°)|((/ro,mo'/'7o5),/^> 



> sup I (^A'^ig (g) ii° O 7;°), /i (g) n^'^o O t;"'"^^ : II5II2 < 1, ||/i||2 < l} 



Since ( 
Thus, 

11^ II ^ ^ ||/A;o,mo lico 

for all n, and hence the spectral radius of A is non-zero. 
Theorem 4.7. T/ie commutant o/Tr(]HI+) is 7l(IHI+). 



fco,n-iO I 



□ 
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Proof. Let A be in the commutant of Tr(]HI+). Then 

fe,m>0 

for some (/)A:,m G -L^(T). 

We show 'that (/)fc,m G L°°(T). Let 5 G L~(T). Since LgA = ALg (note 
that Lge Z C 7R(li+)), we have 



A{g ® <S) = LgA{w^ IS) u° (g) v") = ^ Lg{(j)k,m 'S) <S) v"") 

k,n 



k,m.>0 



k,m>0 

and so 



Therefore 



1 

2^ 



2tt 

'Pk,m{t)\g{t)\'^dt 







< Plllb 



|2 
l2- 



Using this inequahty for characteristic functions in the place of g, one sees 
that (pk,m induces a linear functional on L^{T) of norm not larger than \\A\\; 
thus, Cj)k,m G i°°(T). 

We show that if r G (0,1) the operator Ar = ^k,mez^k,miA)r^''^~^^'^^ 
defined in Proposition 14.11 is in the commutant of Tr,(]HI+). It suffices to 
show that ^k,m{A) = Yli jQk+i.m+jAQij is in the commutant of Tr(]HI+) 
for all k,m G Tj. We have RuQk,m = Qk+i,mRu and hence 

^ ^ Q k+i,m+j AQij Ru — ^ ^ Q k+i,m+j ARuQ i~l J = ^ '] Q k+i,m+j RuAQj—lj 
ij i,j i,j 

~ ^ ^ Qk—l+i,m+jAQi—lj. 
i,j 

Similarly, RvQk,m = Qk,m+iRv and hence 

^ ] Qk+i,m+jAQijRv = ^ ^ Qk+i,m+jARvQij — l = ^ '] Qk+i,m+jRvAQij — l 
ij i,j ij 

~ ^ ^ Qk+i,m—l+jAQij — l. 
i,j 

Now set = Ylk,m>Q'^'^^'^^<i>k,m^ukLv"^ ■ Since G L°°(T), the series 
converges absolutely to an operator in 71(11+). 

Clearly, (tk,m{A){w'^ ®vP S>v^) = (l)k,m®u^ ^v"" and so Ar{w^ ®vP ®v^) = 
Br{w^ Sv^® v^). Since both A^- and are in the commutant of Tf?,(IHI"'"), 
Lemma [331 implies that A^ = B,.. Hence Aj. G 71 (H^)- Since 71(]HI+) is 
weak-* closed. Proposition [JT] (2) implies that A G 71(]HI+). □ 

The following properties of 71(]HI+) follow from Theorem 14.71 
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Corollary 4.8. (a) The algebra 71(11+) has the bicommutant property 
Tl{M+)" = TLiM+). 

(b) 7l(H+) is an inverse closed algebra. 

(c) 71 (H+) is closed in the weak operator topology. 

5. Reflexivity of 71(11+) 

In this section we establish the reflexivity of the algebra 71(]HI+). Let 
F : L2(T) (g) L'^{T) (S) L^{T) e^{Z) f{Z) (g) £'^{Z) be the tensor product 
of three copies of the Fourier transform. Let /C = //^(T) (g 7/^(T) and 
n = L2(T) /C = L2(T,/C); we have that ?^ = F-^{f{m+)). We wiU use 
the same symbol for the restriction oi F to H. 

Let W = F-^L^F, U = F-^L^F, V = F-^L^F (acting on %) and 
£ = F-i71(]H+)F. For a fixed ^ G T, let = ® 5 G B{H'^ ® H^), where 

S = T^, is the shift on and is given by {A^f){z) = / (^|) , / e H^. 

Write /i for normalised Lebesgue measure on T. We consider the Hilbert 
space 7^ as a direct integral over the measure space (T, ^) of the constant 
field ^ — >■ /C(^) = /C of Hilbert spaces. Thus, an operator T is decomposable 
[3] with respect to this field if and only if it belongs to ^A ® B{IC), where 
Ai denotes the multiplication masa of L°°(T); we write T = fjT{S^)d^{£,). 

We note that W, U and V are decomposable. In the next proposition we 
identify their direct integrals. 

Proposition 5.1. When T-L is identified with the direct integral over (T,/x) 
of the constant field IC of Hilbert spaces, we have W = Jj ^{I I)dfi{^), 
U = J^{S (E) /)d/i(0 and V = V^d^i{i). 

Proof. We identify the elements oi Ti = L^(T,/C) with functions on three 
variables, / = f{(,,zi,Z2), such that for a.e. ^ € T, the function on two 
variables /(^, •, ■) is analytic. To show that W = jj (,{1 I)dfj,(S^), note that 
ii f eii then Wfi^,zi,Z2) =^f it z^,Z2), ^,^1,^2 GT. 

The claim concerning U is immediate from its definition. For V we argue 
as follows: let /(^, zi, ^2) = i^z'^z^ (that is, / = F^^{w^ ®u'^ ® v"^)); then 

Vf = VF-\w'' ^u^(8) v") = F-^L^iw"" M^' ® v"") 
= F-^{w'^-^ ®v"^+^) 

and thus V f{£^, zi,Z2) = (J^'^ z^z'^'^'^ . On the other hand, the direct integral 
jj{A^ (g) I)diJ,{^) transforms the function / into the function (7(^,-21,-22) = 
^n-k^k^m_ -yy-g ^Yms have that 

V = {I®S) ! {A^® l)dfi{0 = [{A^^ S)di^{0- 
Jt Jt 



□ 
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For ^ G T, let C B{K,) be the weak-* closed subalgebra generated by 
S ® I and V^. The operators A^^S G B{H'^) are easily seen to satisfy the 
assumptions of Corollary 13.61 with X = It follows that is reflexive; in 
particular, it is weakly closed. We note that the algebra jC^ was studied by 
Hasegawa in [11] where a class of invariant subspaces of was exhibited. 

In the next theorem, we use the notion of a direct integral of non-selfadjoint 
operator algebras developed in [3]. 

Theorem 5.2. The algebra 7l(H"'") is reflexive. 

Proof. By definition, C = F-i71(H+)F is generated, weak-* closed 
algebra, by the operators U, V, W and W~^. 

Note that C C ^A B{]C); moreover, C is weakly closed, since 7l(]HI+) is 
a commutant (Theorem 14. 7p . Hence, by [3], gives rise to a direct integral 
/rjp where A{^) is the weakly closed algebra generated by 

V{C), W{C) and W~^{S,). Since the operators W{i) and W~^{^) are scalar 
multiples of the identity, we have that A{£,) = C^. On the other hand, 
since M <Si Ik: ^ all diagonal operators of the integral decomposition 
are contained in C Proposition 3.3 of [3] shows that an operator T = 
JjT{^)d^{^) belongs to C if and only if almost all T(^) belong to C^. As 
observed above, is reflexive for each ^ € T. Proposition 3.2 of [3j now 
implies that C is reflexive. Therefore so is 71 (H^)- D 

6. Other representations 

Until now, we were concerned with the left regular representation of the 
Heisenberg semigroup. In this section, we consider another class of repre- 
sentations defined as follows. Let A = e^'^*^ with 9 irrational and a : T — t- T 
be the rotation corresponding to 9, that is, the map given by a{z) = Xz. 
We let be a Borel probability measure on T which is quasi-invariant (that 
is, I'^E) = implies i'{a{E)) = 0, for every measurable set C T) and 
ergodic (that is, /oa^ = / for all /c € Z implies that / is constant, for every 
/ G L°°{T, u)). Let W^(IH+) be the weak-* closed subalgebra of B{L'^{T, i^)) 
generated by the operators 



7r(n)=M^j, ^^^^^~^~d — ° ^'^'^ t:{w) = XI 

where M^^ is the operator of multiplication by the function ("i on L^(T,z^) 
(recall that Cn{z) = z^) and fxiA) is the Borel measure on T given by 
vx{A) = v{a{A)). 

We will need the following two lemmas; the results are probably known in 
some form, but we have been unable to locate a precise reference and so we 
include their proofs. Below, the terms singular and absolutely continuous 
are understood with respect to Lebesgue measure ^. 

Lemma 6.1. (i) The measure v is either absolutely continuous or singular, 
(a) If V is absolutely continuous it is equivalent to Lebesgue measure. 
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(in) If u is singular and not continuous, it is supported on an orbit of a. 

Proof, (i) Denote by Va (resp. i^s) the absolutely continuous (resp. singular) 
part of u. Suppose that Ug and Ua ^ and let ^ be a Borel set 
of Lebesgue measure zero such that VsiT \ A) = 0. Then U„gza"'(^) is 
an invariant set of positive z^-measure. On the other hand, the Lebesgue 
measure of U„eza"(^) is zero and hence U„gzQ;"(^) is not of full z^-measure. 
This contradicts the ergodicity of u. 

(ii) The set on which the Radon-Nikodym derivative du/d^ vanishes is 
invariant by quasi-invariance of u; hence it is /Lt-null by ergodicity of /j,. 

(iii) Let zq G T be such that u{{zq}) ^ 0. Then the orbit X = {^"(zo) : 
n G Z} of zo is an invariant set of positive z/-measure and it follows from 
ergodicity that its complement is z/-null. □ 

Lemma 6.2. Let u be a singular continuous measure. Then the weak-* 
closed hull of the linear span of the set {M^^ : n = 1,2...} is equal to 
{Mf. /GL~(T,z/)}. 

Proof. Let / G L^{T, v) be such that 

j fCndiy = 

for all n = 1, 2, . . . . It follows from the F. and M. Riesz Theorem that the 
measure fdu is absolutely continuous. Since u is singular, we obtain that 
f = 1/ a.e., and hence it is equal to as an element of L^{T, u). □ 

The next theorem completely describes the operator algebras arising from 
the class of representations that we consider. 

Theorem 6.3. Let M = {CkH^ : A; G Z}. 

(1) If u is equivalent to Lebesgue measure, then the algebra W7r(H+) is 
unitarily equivalent to the nest algebra AlgM. 

(2) If v is singular and not continuous, then >V7r(]HI"^) is again unitarily 
equivalent to AlgM. 

(3) If u is singular and continuous, then Wt^{M.'^) = ;B(L^(T, z/)). 

Proof. (1) Since is equivalent to Lebesgue measure, we may assume that 
W^(H+) acts on ^^(T), tt{u) = and 7r(u)/ = / o a. 

If a = (an)nez G /°°(Z), let £)„ be given by {Daf){n) = anf{n); thus Da is 
the image, under conjugation by the Fourier transform, of the diagonal op- 
erator on given by (xj) (ajXj). Let V = {Da : a G ^°°(Z)}; clearly, 
P is a masa on L^(T). Since the map a — > Df^^n-^^ is weak-* continuous from 
T into B{L^{T)) and {A*^ : A; G Z+} is dense in T, the weak-* closed linear 
span of {D^^kn-j^ : k G Z+} = {'k{v)'^ : k G Z_|_} contains {D(o.'»)„ • ^ TT}, 
hence is a selfadjoint algebra and by the Bicommutant Theorem equals T>. 
On the other hand, if a G ^°°(Z) and p > 0, the matrix of TT{u)^Da with 
respect to the basis {Cfe}feez has the sequence a at the p-th diagonal and 
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zeros elsewhere. It follows that all lower triangular matrix units belong to 
the algebra W7r(]HI+), and hence it equals AlgM. 

(2) By lemma \67i\ (iii), is supported on the orbit of a point zq £ IT- For 
k eZ, write Zk = a"^(zo) and /3| = u{{zk}). Since iy\{{zk}) = I'daizk)}) = 
i'{{zk-i}) we have /3fc_i = P{zk)Pk where j3 is the function determined by 

the identity = If fk = —77^, then \fk : A; € Z| is an orthonormal 

du Pk 

basis of L2(T, u) and we have TT{v)x{zk} = P ' iX{zk} ° a) = /3X{zk+i}- Thus, 

T^{v)ik = P S = 15 o = /fc+1' 

Pk Pk+1 Pk 

and so Tr{v) is the bilateral shift with respect to {fk}- Also 7r{u)fk = Zkfk = 
^^zofk for each k and hence, as in the proof of (1), the linear span of the 
positive powers of 7r(n) is weak-* dense in the set of all operators diagonalized 
by {/fe}- It follows as in (1) that W7r(]HI"'") consists of all operators which 
are lower triangular with respect to {fk}, hence it is unitarily equivalent to 
AlgAA. 

(3) By Lemma 16.21 the algebra W,r(H^) contains a maximal abelian self- 
adjoint algebra, namely, the multiplication masa of L°°(T, zv). Since a acts 
ergodically, it is standard that W,r(EI''') has no nontrivial invariant sub- 
spaces. It follows from [T] that it is weak-* dense in, and hence equal to, 
B{L\T,i^)). □ 

Remark 6.4. Note the different roles of 7r{u) and tt{v) in (1) and (2): in 
(1), the diagonal masa is generated by (the nonnegative powers of) vr(f); 
in (2) the masa is generated by 7r(«). These two representations generate 
inequivalent representations of the irrational rotation algebra, as the corre- 
sponding measures are not equivalent (see [4JJ. 



A non-reflexive representation We now construct an example of a 
representation of IHI+ which generates a non-reflexive weakly closed operator 
algebra. This representation, p, acts on and is defined as follows: If 
S = T^^ is the shift and V € B{H'^) is the operator given by {V f)[z) = 
f{Xz) = (/ o a){z), we define 

p{u) = S, p{v) = SV and p{w) = XI 

with A = e^'^*^ and 6 irrational. Let A be the weakly closed algebra generated 
by p{u) and p{v). Using Fourier transform, we identify with ^^(N) and 
let E : B{H'^) — > P ~ £°°(N) be the usual normal conditional expectation 
onto the diagonal given by E{{aij)) = (bij) where bij = aijSij. Define Ek for 
A; > by Ek{A) = E{{S*YA). 

We recall that [S] denotes the linear span of a subset 5 of a vector space. 

Proposition 6.5. If A e A then Em{A) e[I,V,..., V"^]. 
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Proof. The operator A is the weak hmit of polynomials of the form 

Sa; n>o '^k,nS^~^^V^ . Thus, Em{A) is a weak limit of polynomials of the form 

where the summation is over all k,n € Z4. with k + n = m and hence 
E,n{A)(^[I,V,...,V^]. □ 

Proposition 6.6. If )C £ Lat{5, SV} then in fact K, € Lat{5, V} and hence 
JC = CkH'^ for some k S 

Proof. Since S{)C) C /C and /C C H^, by Beurling's Theorem there is an 
inner function (j) such that fC = cpH'^. Since SV{IC) C jC, we have SV{(I)) G 

/C = (pH'^, so ^11^ G Thus, there exists /i G such that 

(3) z(l){Xz) = h{z)4>{z) for all z G D. 

Let (pi be an analytic function and / a non-negative integer such that (j)i{0) 7^ 
and (f){z) = z^4'i{z) for all z G O. We obtain 

(4) z'+^A'0i(Az) = forallzGD 
and hence 

(5) zA'(/>i(Az) = forahzGD. 

Setting z = in dl]) , we obtain that /i(0) = 0. Thus, there exists hi G 
such that h{z) = zhi{z). The relation zcp^Xz) = h{z)(j){z) = zhi{z)(l){z) 
implies (p o a = hicp and hence {(p o a)H'^ C Therefore 

V{IC) = V{(pH^) = {(po a)H^ C (PH^ = K. 

Considering /C as a subspace of -L^(T), Theorem l6.3l (l) gives that K, = CkH"^ 
for some k (note that here v equals Lebesgue measure); since K C ^ k 
must be nonnegative. □ 

Theorem 6.7. The algebra A is not reflexive; in fact Ref A = AlgAf where 
M={CkH^ ■.kGZ+}. 



Proof. By Proposition I6.6( Ref ^ = AlgA/". It follows from Proposition 16.51 
that A is strictly contained in Ref A. □ 
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